In this paper we study the thermodynamics of Einstein-GaussBonnet (EGB)-AdS black holes minimally coupled to a cloud of strings in an extended phase space where the cosmological constant is treated as pressure of the black holes and its conjugate variable is the thermodynamical volume of the black holes. To investigate the analogy between EGB black holes surrounded by a cloud of strings and liquidgas system we derive the analytical solutions of the critical points and probe the effects of a cloud of strings on P − V criticality. There is obtained resemblance between "small black hole/large black hole" (SBH/LBH) phase transition and the liquid-gas phase transition. We see that impact of a cloud of strings can bring Van der Waals-like behavior, in absence of the Gauss-Bonnet (GB) counterpart. In the other words, in the EGB black hole with α → 0 and when it is surrounded by a cloud of strings the Hawking-Page phase transition would be disappeared and SBH/LBH phase transition recovers. Also there is not happened Joule-Thomson effect.
Introduction
Black holes are one of the fascinating predictions of the Einstein's theory of general relativity. The study of black hole as a thermodynamical system have been an attractive subject in theoretical physics for many years. In the recent years, the study of the thermodynamic properties of black holes have revealed many aspects of them. One of these aspects is thermodynamic phase transition in AdS black holes [1] . First works about the AdS black holes thermodynamics obtained from higher derivative gravity was studied in ref. [2] and for EGB type one can follow [3] . The study of the AdS black hole phase transition has been generalized to the extended phase space where the cosmological constant has been treated as the pressure of the black hole [4, 5] . As we can see in [6] Van der Waals-like behavior of Reissner-Nordstrom black hole could be observed. For more study one can see [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . The authors in [23] constructed a novel 5-dimensional black hole solution in the EGB gravity and in a cloud of strings background, then studied its aspects in a non-extended thermodynamics. Because the universe can be described by one-dimensional objects called strings, this solution has a great physical significance: A cloud of strings is introduced as a configuration of one-dimensional strings from the string theory as the most promising theory of quantum gravity which could be effective on gravitational fields such as black holes. This extension has some advantages like the ability of studying any higher dimensions and resemblance energetic field such as the global monopole in four dimension. Since strings are supposed to be fundamental objects in nature which are supported by observations, so it encourages us to study its effects on various gravitational theory. So the importance of studying the gravitational effects of the matter which is in the form of a cloud of strings arises. At first Strominger and Vafa showed a connection between counting string states and the entropy of the black hole in [24] , later in [25] it was considered a model for a cloud of strings that would be the equivalent of a perfect fluids. Implications of that for a broad range of black holes have been studied by many authors [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] , as we can see some earlier works performed these effects on gravitational theories like Schwarzschild solution in [50] , higher derivative theories like Lovelock theory in [30, 31, 32] and modified gravity in [51] , and also by considering the effect of quintessence dark energy in [52, 53] . Gauss Bonnet terms in higher derivative theories could be seen in the low-energy effective action of superstring theories. They could be viewed as the corrections of large N expansion of boundary in the context of AdS/CFT duality in the strong coupling limit. Since such corrections have interesting effects, so it would be natural to study this black hole solution surrounded by a spherically symmetric string clouds as a thermodynamic system and seek criticality behavior and the effect of coupling constant of the model like the case for α GB → 0 which leads to Schwarzschild black hole. We can also seek how the effect of the background string clouds can alter phase transition of black hole. In fact, this work is an extension of the previous work [10] to a cloud of strings background where we study thermodynamic aspects of the black hole with extended phase space and investigate the effects of a cloud of strings on P − V criticality. We also calculate critical exponents of the system.
Layout of the paper is as follows. In section 2 we define higher EGB higher derivative gravity in presence of a cloud of strings effects. We calculate equation of first law EGB black hole thermodynamics. In section 3 we use extended phase space thermodynamics to obtain its critical points at P-V hypersurface. Critical exponents are calculated in section 4 and finally we seek possibility of creation of the Joule Thomson effect. Section 5 denotes to conclusion and outlook of this work.
EGB black holes with cloud of strings
Let us we start with action of EGB gravity surrounded by a cloud of strings which in 5-dimension is given by [23] 
where α > 0 is the GB coupling coefficient, |g| is absolute value of determinant of the metric field g µν and L GB = R µνρσ R µνρσ + R 2 − 4R µν R µν , is the GB counterpart of the lagrangian which originates from quantum fields renormalization. Dynamics of a classical relativistic string is described by the Nambu-Goto action I NG = Σ p −|γ|dλ 0 dλ 1 , where (λ 0 , λ 1 ) are local coordinates of the string which makes parameterized the worldsheet. |γ| is absolute value of determinant of an induced metric γ ab on the strings worldsheet for which γ ab = g µν ∂x µ ∂λ a ∂x ν ∂λ b . On the other hand the bivector related to the strings worldsheet can be written as Σ µν = ǫ ab ∂x µ ∂λ a ∂x ν ∂λ b , where ǫ ab is LeviCivita tensor. So the energy momentum tensor for a cloud of strings is given by T µν = (−γ)
, in which the proper density of a string cloud is described by ρ. Applying (2.1) and the static spherically symmetric metric
2 Ω one can obtain metric field equation as follows.
1
with solution
where a is real positive constant and ℓ corresponds to the AdS radius. It is related to the pressure of the black hole through P = − Λ 8π = 3 4πℓ 2 in 5 dimension. Location of the event horizon is obtained by solving f (r + ) = 0, so the ADM mass M, entropy S and Hawking temperature of the black hole can be derived respectively as follows.
It is interesting to note that the entropy of a cloud of strings does not affect on the black hole entropy. The black hole mass M in the extended thermodynamics is treated as enthalpy, so with respect to the above thermodynamics definitions the first law of the black hole thermodynamics in an extended phase space reads r + , stand for the physical quantities conjugated to the parameters a and α respectively. Physical meanings of the conjugated potentials A and B needs further investigation. Using the scaling argument we can obtain the generalized Smarr relation for the GB AdS black hole in the presence of cloud of strings as follows.
Finally we would like to discuss some about the constraints and singularities: by attention to ansatz (2.4) in order to have a well defined (without any imaginary or naked singularity [45] ) vacuum solution (M = 0 and a = 0), GB coefficient α GB must be restricted as 0 ≤ α GB ≤ ℓ 2 /8. Also for holographic purposes α GB is also constrained as −7/72 ≤ α GB ≤ 9/200 due to causality and positive definiteness of the boundary energy density [46, 47] . The nonvacuum solutions f (r) must be also a real-valued function, so in general we encounter by two types of singularities: Causal singularity at r = 0 and branch singularity for r > r br in which r br is defined when the square root in (2.4) is non-negative leads to minimum non-negative real root of the following polynomial equation
Therefore the allowed domain of radius from 0 < r < ∞ reduces to 0 < r < r br . On the other side if r → 0 then f (r) approaches 1 − m α which demonstrates that usual singularity at r = 0 removed by GB term. It is interesting to discuss some about the causality constraints in our model which comes from the requirement that the equation of motions of perturbation must be hyperbolic [48, 49] , so the perturbations propagate in a causal way. The hyperbolicity condition of the equation of motion of Lovelock theories as necessary condition for causality is equivalent to Lorentzian effective metric in field space. So if the effective metric be non-Lorentzian, it implies causality violation. The effective metric components for 5-dimensional GB theory regarding [49] are: 11) in which g αα and g kk are Lorentzian, so the signature of effective metric depends on factors. Large values of r lead to a Schwarzschild behavior of the metric and so the effective metric would be Lorentzian. But the case for small r is different: it can be seen that for all values of M, α GB , ℓ and a the factor in [G kk ]˜ij is negative, 1 − 2αf ′′ (r) < 0, but factor in [G αα ]˜ij can be positive or negative. Actually by attention to (2.4) it is simple to find r * ≃ 3.36
, that when r > r * factor [G αα ]˜ij would be negative and therefore the effective metric takes Lorentzian signature, however for r < r * causality violations happens. r + is called as the specific volume [4] . Solving ∂P ∂v T =Tc = 0 and
= 0, one can obtain the critical points as follows.
2) where σ = √ a 2 + 48α the subscript c denotes to the critical point. By comparing our results with [10] for uncharged case it would be interesting to note that the effect of a cloud of strings reflected in all critical points which by putting a = 0 these critical points reduced to the result of an uncharged GB black hole solution. Note that universal Van der Waals ratio in this case depends on the values of GB and string cloud factors. We plot the P − v isotherm graph with different values of string cloud parameter a = {0.1, 1} and for weak GB counterpart α = 0.001 in figure 1-a. The solid lines correspond to the ideal gas phase transition when temperature is above the critical value which shows a monotonically decreasing behavior. Upper than the critical temperature the dashed lines can be divided to three different branches. They indicate to large, small and medium black hole branches. The medium black hole branch is unstable while the large black hole and the small black hole branches are stable which mimic the Van der Waals liquid/gas phase transition. In figure 1 -b we plotted P − v diagrams for temperature below the critical temperature in which α alters. We can see the diagram takes a shifting and pressure goes to be negative by increasing GB coefficient. Also there exists a particular temperature T 0 similar to the one which is obtained for Van der Waals fluid. It is achieved by solving ∂P ∂v = P = 0, which below this temperature the pressure is not be positive for some horizon radius, and of course could be remedied by Maxwell construction. However , where ξ = √ a 2 + 36α and is depicted for a = 1 and α = 0.01 in figure 1-c. It is of vital importance to study the behavior of Gibbs free energy to analysis global stability of the system. In the extended phase space the Gibbs free energy is given by G = M − T S and for the black hole under consideration takes the form
By analysing the Gibbs free energy it can be revealed that at pressure lower than the critical value the Gibbs function displays a characteristic swallowtail behavior which implies that at this point the small black hole jumps into a large black hole via a first order phase transition. It must also be noted that an important behavior for α → 0 and a → 0 at which branch of small black hole overlaps with T axis, so that small black hole evaporates to AdS space. This means that the LBH/SBH phase transition reduces to "BH/AdS" phase transition which is well known as Hawking-Page phase transition. It is very interesting to note that in the limit α → 0 but surrounding by a cloud of strings, the Hawking-Page phase transition disappears and the LBH/SBH phase transition recovers. We can interpret figure 2 in such a way that in the absence of the GB term namely the Schwarzschild black hole, the impact of a cloud of strings can bring the SBH/LBH phase transition while this phase transition does not occur in Schwarzschild type. In figure 2 we can see the effect of GB coefficient on G − T diagram which just move location of the phase transition on the diagram. The coexistence line in P − T diagram in figure 3 can displays phase transition in a different view and happens where two surfaces of Gibbs free energy cross each other. Since the black hole undergoes a first order phase transition so the both phases have the same Gibbs free energy. To study the behavior of system along the coexistence line it just enough to solve the following equalities between two phases at any arbitrary point on this line: 4) which are defined by regarding to υ 1 and υ 2 for two different phases. The two last equalities denote to isothermal transition. Solving these three equations we obtain equation of pressure with respect to temperature which is plotted in figure 3-a and 3-b for some values of a parameter and displays the effect of string clouds on P − T diagram. We can also study isenthalpic curves in T − P plan and see the behavior of our thermodynamic system in an expansion process so called Joule-Thomson expansion [35, 36] . Originally in classical thermodynamics this expansion describes the temperature change of a gas or liquid through a porous plug. In this process temperature of the system changes with respect to pressure in a constant enthalpy and it can show heating and cooling phases. Actually sign of the Joule-Thomson coefficient as µ JT =
∂T ∂P H
indicates the phase of the gas. During the expansion µ JT > 0 denotes the cooling process in which pressure decreases and µ JT < 0 corresponds heating in which pressure increases. To find out the process in our model we can substitute r + from (2.5) into the Hawking temperature (2.7) and plot T − P curves for different constant mass M. We do it in figure 4 . The process clearly has just a cooling phase and none of the model parameters could force it to enter a heating phase as we can see in [37] in which chemical potentials drive the process into a cooling-heating expansion. So in contrary with AdS black holes investigated in [37] [38] [39] [40] [41] [42] [43] [44] our case doesn't follow a heating-cooling process in a Joule-Thomson expansion and there is not any inversion temperature. At last, we apply the Ehren- fest's equations to study an analytic verification of the nature of the phase transition in the critical points. As we know from classical thermodynamics the first and second equations of Ehrenfest are as follows [33] .
where ζ and κ T are coefficients of the volume expansion and isothermal compressibility of the system respectively. The volume expansion coefficient can be written as = −1 to obtain isothermal compressibility coefficient as
So the second Ehrenfest's equation would be automatically satisfied, as well.
On the other hand, the ratio of Prigogine-Defay is calculated as follows
So we can conclude that the second-order phase transition occurs in the black hole which is compatible with the transition of the liquid-gas phase in the classical thermodynamics. Comparing our results with the GB black holes [10] , it seems quite interesting to note that a cloud of strings does not effect on the validation of Ehrenfest's equations.
Critical exponents
To study the behavior of physical quantities near the critical point it would be useful to use rescaled quantities (3.4) for which (3.1) reaches to a re-scaled forme as follows.
The above equation of state is called as "law of corresponding state". Defining new expansion parameters t, ω such that τ = 1 + t, ν = 1 + ω which these are expanded around 1, we can seek thermodynamical behavior of the system near the critical points. Therefore the law of corresponding state (4.1) would be approximated as
where C = −1 and
In the other hand critical exponents for T < T c (or t < 0) are defined by
∝ |t| −γ , and |P − P c | ∝ |υ − υ c | δ in which α shows the behavior of the specific heat at constant volume, β shows the isotherm behavior of the order parameter η, γ describes the behavior of the isothermal compressibility and the last exponent δ determines the behavior of pressure in an isothermal process corresponding to T = T c . The subscripts l and s denote the large black hole and small black hole respectively in the process of phase transition. As we can see from (2.6) the entropy is independent of T , so the specific heat vanishes (C υ = 0) and so α = 0. To obtain the second exponent we have to evaluate v l and v s to obtain the order parameter. The approximated pressure (4.2) does not changed during the isotherm phase transition, which means p l = p s for which
Applying the Maxwells equal area law we lead to another relationship between ω l and ω s such that ωs ω l ω dp
From two the above equations one can obtain ω l = −ω s = −Bt/3C, so η = υ l − υ s ∝ √ −t and therefor we can derive β = . The isothermal compressibility could be calculated for υ = υ c (1 + ω) as follows. 6) so the third exponent is achieved as γ = 1. The final exponent is obtained in an isotherm process at critical temperature T = T c or t = 0, so from (4.2) we have p − 1 = Cω 3 that leads to δ = 3. From the results in [8] we can see that the critical exponent are the same as the GB AdS black hole exponents, so the effect of string cloud would not change them and both models (with and without string cloud effects) have the same scaling laws.
Conclusion
In this paper, we extend the previous research [10] to the extended phase space of thermodynamics and studied the critical phenomena of the EGB black hole solution in a cloud of strings background. Here we have considered the cosmological constant as a thermodynamical pressure. Thermodynamical quantities such as temperature, entropy, pressure and the Gibbs free energy are studied to probe the thermodynamic stability of the black hole. We have investigated the analogy between the EGB black holes surrounded by a cloud of strings and Van der Waals fluid. We successfully derived the critical points of the system and studied P − V critically in details. It is shown that the critical quantities and Van der Waals universal ratio is affected by string cloud. It is also shown that in the absence of the GB term (Schwarzschild black hole), the impact of a cloud of strings can almost bring SBH/LBH phase transition. In the other words, in the EGB black hole with α → 0 limit and surrounding by a cloud of strings, the Hawking-Page phase transition disappears and SBH/LBH phase transition recovers. By studying T − P diagram we found this system never enter to a heating phase and in an Joule-Thomson expansion it cools forever. At last we investigated the behavior of our black hole solution near critical point by studying critical exponents and concluded that string could not be effective and does not change them. As a future work it also would be interesting to study thermodynamics of the Lovelock black hole solution surrounded by a cloud of strings in the extended phase space.
